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Abstract. We consider several non-linear equations which are known to be completely
integrable by the method of inverse scattering transform, ranging from sine-Gordon and
the Dodd-~Bullough equation to the axisymmetric, stationary, Einstein-Maxwell equations.
Such equations are known to be invariant under a fundamental Lie group of symmetry
(G), such as SL(2) or SL(3) in the simpler cases. Our treatment starts with the reformulation
of the given equations as a system involving the scalar invariants of the Lie group (G)
only; this scalar formulation is not only (G) invariant, but also manifestly invariant under
the continuous group associated with the emergence of a spectral parameter, and is thus
expected to be more fundamental and simpler. In all the cases that we have considered,
including the Einstein-Maxwell system, vector pseudopotentials of dimension not higher
than three have been derived; Bicklund transformations have been found, which generate
multisolitons starting from the vacuum, and have the general (reciprocal) form:

X'=1/X

where X is a component of one of the vector (or tensor) pseudopotentials.

We also mention the result that Kinnersley’s formulation of the Ernst (vacuum)
equation is formally equivalent to the fluid dynamical problem of unidimensional ideal
gas flow; the Dodd-Builough equation is equivalent to another particular case of gas motion.

1. Introduction

The basic properties of the evolution equations which are integrable by the method
of inverse scattering transform (1sT) have been analysed by many authors and are well
known (for reviews, see, e.g., [1-5]). Such equations are considered to be ‘completely
integrable’ and are also characterised by an infinite-dimensional Lie symmetry group,
which usually arises from the combination of a finite-dimensional Lie group (G), such
as SL(N), and a discrete transformation: the Béacklund transformation.

We show in the present paper that the analysis of many integrable systems in two
independent variables can be done in a clarifying and rather unified way by first
forming the invariants of the Lie group (G) and then selecting them as the basic
unknown functions, (.

The corresponding pseudopotential is, in most cases, a three-component vector X,
given by a set of three linear second-order pDE, of the general form:

Xaa Xa
XQB = M XB (1.1)
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where the 3 X3 matrix M has coefficients which are a function of Q; the subscripts
denote differentiation with respect to the two independent variables «, 8. The Lie
group (G) may be the full SL(3) group of the (unimodular) linear transformations of
X, or—as in the sine-Gordon case—a subgroup of it. This formulation (1.1) is suscep-
tible of generalisation (§ 2.1) to accommodate Lie groups (G) of order higher than
SL(3).

By a process of elimination, overdetermined pairs of ordinary differential equations
(oDE) can be derived and provide an effective way of computing the pseudopotentials
associated with any given solution ), since the equations are linear. As the equations
are uncoupled, they can be written down for each component X of X separately.

The Bécklund transformation (BT) is yet another symmetry of the system, one that
does not leave () invariant; its transformation formulae can be derived in closed form,
in terms of () and its pseudopotentials X:

Q'=0'(Q; X)
Xi=Xi(Q; X).

In all cases that have been considered here, the BT turns out to be a reciprocal
transformation: applying it twice gives back the original solution (}; X'), provided that
the pseudopotential X' is not independently recalculated before applying the transforma-
tion a second time. Thus, e.g., the BT in the axisymmetric Einstein-Maxwell case is
just the reciprocal transformation which exchanges the time and azimuthal coordinates
t, ¢ (§6); yet, in combination with the Lie group (G), the BT does generate the infinite
Lie group of symmetry characteristic of completely integrable systems. It also generates
the n-soliton formula, starting from the vacuum.

The formulation (1.1) has already been shown to be appropriate to the analysis of
the Dodd-Bullough equation [6]; the corresponding Lie group (G) is SL(3) and the
Bicklund transformation is simply

X'=1/X.

In § 2 we present a few general results concerning the properties of systems of the
form (1.1) and briefly recall the essentials of the analysis of the Dodd-Bullough (pB)
case. In § 3 the sine-Gordon equation is seen to be amenable to a very closely similar
treatment and the classical Backlund transformation for sine-Gordon is shown to be
given by the same formula: X'=1/X. An interesting peculiarity is that the formulation
(1.1) still retains the SL(3) symmetry, as in the DB case, but the applicability of the
BT requires that an additional non-linear constraint on X be satisfied, and that is
compatible with an SL(2) subgroup only.

In § 4 we consider the axisymmetric vacuum Einstein equations, which are represen-
ted by the Ernst equations [7]; their analysis closely parallels that of sine-Gordon,
which indeed constitutes the limiting form of the Ernst equations far away from the
symmetry axis. In § 5 we introduce a generalised sine-Gordon equation with genuine
SL(3) symmetry, which may be called sine-Gordon-Maxwell, as it similarly constitutes
the limiting form of the Einstein-Maxwell equations away from the axis and, in § 6,
we generalise our treatment to include the axisymmetric Einstein-Maxwell system.

In all the above-mentioned cases, a three-dimensional vector pseudopotential X
turns out to be sufficient and can be effectively calculated by solving linear oDE which
are of the third order only, instead of the cumbersome eighth order that might have
been expected from the dimension of the usual Einstein-Maxwell linear representation
[8] (§8 5 and 6). This simplification results from the separability of the equations
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defining the pseudopotentials; the usual eight-dimensional representation separates
into a pair of (complex conjugate) fundamental representations of dimension 3.

2. General formalism, with application to the Dodd-Bullough equation

2.1. General formulation, with N-dimensional pseudopotentials

The general principle underlying the present method may be stated as follows: first,
we look for a base (E,,..., E,) of the simplest available representation of the Lie
group (G) that can be obtained explicitly in terms of the invariant unknown function
Q and of the associated (pseudo)potentials; in the Einstein-Maxwell case, for instance
(see § 6), that is the eight-dimensional representation in terms of the four non-linear
Ernst potentials proposed by Kinnersiey [8]. Then we expand the first-order derivatives
of E; along that base, in the form:

Eln El

=M (2.1a)
En. Ey
Ey [E

C =M (2.1b)
Eng E,

where M, M are two N x N matrices whose coefficients are all (G) invariant and are
expressible in terms of the invariant unknown function(s) Q; «, B are the two indepen-
dent variables. Each equation, (2.1a) and (2.1b), is equivalent to an Nth-order ordinary
differential equation for any of the base vectors, E; say, since all (N —1) other vectors
may easily be eliminated and, since the order is greater than unity, each E; plays the
role of a pseudopotential, according to the definition given by Wahlquist and Estabrook
[9].

The system (2.1) being an overdetermined system, there are conditions for the
integrability of (E), which arise from

3s(E,)=My(E)+ MM(E)
94(Eg)=M,(E)+ MM (E)
where (E) denotes the column: (E,,..., Ey). Thus the conditions are
M, - My =[M, M]. (2.2)

2.2. Three-dimensional pseudopotentials

It is one of the results of the present study that three-dimensional representations are
in fact explicitly obtainable even in such comparatively complex cases as the axisym-
metric Einstein-Maxwell equations, whose symmetry group (G) is of order no higher
than SL(3). Insuch a case we rewrite E, = X and choose X, X,, X; for the base vectors
[10], so that the formulation (2.1) reduces to a set of three second-order pDE for the
pesudopotential X:

X.o =boX,+BX;+ b X (2.3a)
XBB = CXQ+00Xﬁ+C1X (2.3b)
X.p = aoX, +a, X+ DX. (2.3¢)
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The integrability conditions are derived from 95(X,.. ) = 8. (Xap), 3. (Xgag) = 35( Xas),
and are the following:

Qgq —bog = BC — D ~ aya, (2.4a)
a1, — Bg = B(cy—ay)ta,(by—a;)+b, (2.4b)
D, —b,z=Bc,+D(by—a,)— asb, (2.4¢)
a3 = Coe = BC — D —aya, (2.5a)
ags — C, = C(by—a,)+ap(co—ag) + ¢ (2.5b)
Dg—c¢,, = Cb,+ D(cy—ay)—ayc,. (2.5¢)

We remark that the above equations (2.4a) and (2.5a) ensure existence of a quantity
o, defined by
w, = al + bO
(2.6)
w,3 =dy + Co.

In agreement with the general conclusions of the preceding section, X satisfies a
pair of third-order ODE:

Xowa = boXoo + (Bag+ by, + )X, + (B, + Ba)) Xz +(BD+b,,)X (2.7)

where the expression (2.3a) in terms of « derivatives of X should be substituted for Xj.

2.3. Reformulation as a pair of first-order equations for two dual vectors X, U

First, introducing the notation Q) for the triple product of the three-dimensional vectors
X X, X;:

QE(X9XCI,Xﬁ)EX‘(XaAXB)

we note the following identification of the matrix coefficients in terms of triple products:

BQ=(X X,, X..) b =(X,, X5, X..o) bl =~(X, Xz, X,.e)
CO=-(X, Xz, Xz3) )= (X,, Xz, Xag) ol = (X, X,,, Xgg) 2.8)
DQ =(X,, X5, Xop)
a,=09p(In Q) — ¢ a,=3,(InQ)—b,.
Thus, the quantity o defined above (see equation (2.6)) is just
w=InQ.

Let us now introduce a new vector U, the three-dimensional (Euclidean) cross-
product:

1
UEﬁx" A Xp. (2.9)
It is easily seen that U satisfies the following system:
QU,=-DXrX,+b,X1r X,

QUs=-c,Xn X, +DX A X, (2.10)
U-X=1.
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This may be solved as a linear system for X, and X; and yields a dual system of the
same form:
QX,=-DUAU,+bUr U,
. (2.11)
QX5=_C1U/\ Ua+DU/\ UB
where, by definition of ﬁ,

Q= (b,c, - D?). (2.12)

2.4. An application: the Dodd-Bullough equation
That is the case where equations (2.3) for X assume the form:

Xoo = 0o X, + BX;

Xss = 0pXg + CX, (2.13)

Xaﬁ = QX
where we have used the lower-case symbol w for the logarithm, In Q. Then the
integrability conditions (2.4) and (2.5) are

w,sTBC-0=0
and

W+ BC—0=0

C,+Cw,=0.
The equations for B and C are obviously integrable in the form: B= F(a)/Q, C =
G(B)/9Q, and one obtains a second-order pDE for the single unknown Q (we will, for
clarity, retain the symbol & for denoting differentiation of relatively complex
expressions; i.e. we will write d.5(...) rather than (...),s when (...) involves more
than just one symbol):

3ap(In Q) =Q— F(a)G(B)/ 0"

As observed in [6], this is obviously reducible, by a conformal transformation, to the
form

dap(lnQ)=Q—-1/0° (2.14)
which, as announced, is the Dodd~Bullough equation [11].

The associated first-order system for the two dual vectors U, X has a particularly
elegant and symmetrical form:

U,=TXrX,
Us=-TX A X, (2.15)
U-X=1

or, equivalently,
X, =-T'UrU,
X;=T"'UrU, (2.16)
U-X=1
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where I is a constant. It was first noted in [12] that Euler equations of one-dimensional
fluid flow with arbitrary equation of state are of the general form (2.15) and (2.16),
with a factor I' determined by the equation of state and generally non-constant.
Complete integrability obtains for the particular equation of state associated with a
constant I' (see [13]).

That is not the sole case of complete integrability, however. As we shall see, the
sine-Gordon equation is also of this type, with a I' equal to

FSG= 1/X2

The Ernst equations, of which the Kerr metric associated with a rotating black hole
is a particular solution [7], are of the same type too, as shown in § 4, with

1-‘Ernst=p/X2 (p=a_B)~

2.5. Analysis of the Dodd - Bullough equation: the pseudopotential and Bdcklund transfor-
mation

The Dodd-Bullough equation was originally shown by Mikhailov [14] to be integrable
by the inverse scattering transform. Gaffet [6] obtained the Bécklund transformation
(which had been thought to be absent in the DB case; see [5]). We briefly summarise
here the main points of this analysis.

The DB equation (2.14) is easily seen to be the integrability condition for the
existence of a pseudopotential X, defined as

0X.. =Q.X+1°X;, (2.17a)
QX5 =QX+X,/\° (2.17b)
X5 =0X (2.17¢)

where the spectral parameter A has been introduced so as to restore conformal
invariance. We may eliminate ) from the last equation and there results a pair of

third-order cubic homogeneous ppE for X (see [6], equation (4.9)):
XQXCXC!B_XQB(XQQ+X§1/X)+A3XXB=0 (2 18)
X Xaps = Xap(Xps + X5/ X)+ XX, /1 =0. '

As the equations are homogeneous, it is natural to rewrite them in terms of x =1n X;
the resulting equations turn out to have a definite parity in x and A and are thus
invariant under the transformation:

X' =1/X (2.19)
The corresponding transformation formula for Q is, using Q= X,/ X,
O+Q'=2X,X3/X° (2.20)

which, taking account of (2.17¢), is in the form of a truncated Painlevé expansion.
Equations (2.19) and (2.20) constitute the Bicklund transformation for the pB equation;
it does include a spectral parameter, which enters equations (2.17) defining the
pseudopotential X. The transformation looks reciprocal at first sight, but it is not if
the pseudopotential X is recalculated at each step, using (2.17); in other words, the
combination of the BT with the SL(3) group of linear transformations of X is an infinite

group.
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The above BT was shown in [6] to yield the soliton solution when applied to the
vacuum, and the two-interacting soliton formula when applied to an isolated soliton,
in agreement with the usual pattern of multisoliton construction from BT.

It is worth noting that, since the DB equation allows a fluid dynamical interpretation
as pointed out in the preceding section, the BT must have a hydrodynamical analogue:
i.e. the symmetry discovered around 1954 by Martin and Ludford [15] and
Stanyukovitch [16], which transforms the integrated mass M = | p dx into its inverse:
M’=1/M, without affecting the time coordinate. An interpretation in terms of a
space-dependent rescaling of the fundamental units was proposed in [17].

3. The sine-Gordon equation

The occurrence of 3D vector pseudopotentials in the sine-Gordon case is related to the
fact that sine-Gordon is equivalent to the bidimensional O(3) non-linear o model
[10,18].

3.1. A derivation
We start with the general form (2.15), choosing a factor ' of the form:
=-1/Xx?
=-1/(X7+ X3+ X3). (3.1)

It turns out to be convenient to rewrite the equations in terms of the unit vector
X'=X/VX*

U,=-X'rnX,
Us=X'n X} (3.2)
X?=1.

We forsake the prime and rewrite X and X' from now on; solving for X,, X, in the
above equations produces the dual system:

Xa =X A Ua (3.3(1)
XB =-—X A UB

(3.3b)
X’=1

All four vectors X, X,, U,, Us thus belong to the two-dimensional plane orthogonal
to X; furthermore, {X, X, U,} and {X, X;, Us} constitute two orthogonal trihedrals,
rotated from one another by a certain angle ¢. That angle will be identified with the
sine-Gordon field when the equation is written in its standard form, ¢,z =
constant X sin ¢.

The following geometrical relations hold:

Ua'XﬂzUB.Xa=_(X9XasXﬁ):_:_Q
XA Xy =~U, n Uy =QX

U.=X: Ui=X;

X, A Ug=—Xgn U, = HX

and define two scalars, () and H.
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The integrability conditions associated with (3.2) and (3.3) are respectively
XC‘B = _HX
U’-“B = _Ua A UB =0X

(3.4)

As a result we obtain the pair of first integrals:
X2 =F(a)
X5 =G(pB).

Since the original system is conformally invariant, we may, without loss of generality
[10], choose F(a)=A? G(B)=1/A% ie.

Xi=A=U]

X2=1/A=U} 35
where A plays the role of a spectral parameter. Finally one obtains a system of
second-order pDE for X, of the general form (2.3):

X, =0 (X, ~A’Xg/H) - A’X

Xgp = ws(Xs — X./\?H) = X/A? (3.6)

X.s=—HX
where w =1n Q, H and Q are constrained by H>+Q?=1 and can be identified with

H=cos ¢ Q =sin ¢. (3.7)

Applying the general results of § 2 (see (2.4) and (2.5)), we find the equation satisfied
by H and :

Wap + W/ H>*+H=0 (3.8)
or, in terms of ¢ only,
Pap = —Sin @ (3.9)

which is the sine-Gordon equation, as desired.

3.2. The Bdcklund transformation

We may rewrite the system (3.6) in terms of ¢:

sin @(X,, +A°X) = ¢, (cos X, — A’ X;) (3.10a)
sin ¢(Xgs + X /A7) = ¢g(cos ¢ X5 — X, /A%) (3.10b)
X tcos pX =0, (3.10¢)

In the same way as in the DB case, cos ¢ = — X,/ X may be eliminated and the result
of the elimination is a pair of quartic homogeneous equations for X (we set A =1 for
conciseness in the following equations (3.11) and (3.12)):

XX (XoXag T XX5) + XX oo (X2 = X20) = ( X+ X2) X205+ XX XX — X*
(3.11)
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plus another symmetrical equation obtained by interchanging the roles of a and B.
Transforming to variable x =1n X, the result is not of a given parity, unlike the pB
case. However, there is still the possibility that the even and odd parts simultaneously
vanish, and can still be compatible with the system (3.10). This entails introducing
the additional constraint:

xig=(x2+1)(x5+1) (3.12)

which can also be, returning to the original variable X =e™ and restoring the spectral
parameter A:

(XZ/A*=2cos X, X+ A°X%)+ X sin’ ¢ =0. (3.13)

The above constraint turns out to be indeed compatible with the system (3.10). One
way to show it is to start from the two equations (3.13) and (3.10¢) and note that the
remaining equations (3.10q, b) immediately arise as consequences.

With the understanding that the pseudopotential is now restricted by (3.13) in
addition to (3.10), the following Bécklund transformation holds:

X'=1/X (3.14)
as in the DB case! The transformation formula for H is, since H =—X 5/ X,
H+H'=-2X,X;/ X" (3.15)

Again the BT appears to be reciprocal and the spectral parameter is hidden in the
definition of the pseudopotential X.

The Painlevé expansion appears to be simpler in terms of H, which satisfies the
equation:

H,z+HH,Hg/(1-H)=(1-H?). (3.16)
Its expansion is, retaining only the first few terms,

2F,F; 2F,,
>t
F F

+ugt... (3.17)

where the functions F and u, are both arbitrary. The proposed BT may be rewritten
in the form:

H'=-2X.Xs/X*+2X,5/ X +H (3.18)

since H=—-X_,5/X, and thus assumes the form of a truncated Painlevé expansion.
It must also be noted that the BT, in spite of its seemingly different aspect, actually
coincides with the classical Backlund transformation.

3.3. An alternative formulation

We now turn to a variant of the preceding formulation of the sine-Gordon problem,
which closely parallels the standard treatment of the Ernst equations and will be useful
for the next section. .

Let us perform a linear transformation on the two vectors X and U, which become
the new column vectors A =(A,, A,, A;), B=(B,, B,, B,3):

A1=X|+iX2 A3=X1‘—iX2 A2=iX3
BI=U1_iU2 B3=U1+iU2 BQ=—2iU3

(3.19)
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or, in matrix form,

(A)=N(X)
(B)=M(U) M=(det N)N~".

The system (3.2), or (3.3), becomes
B.=—AnA, (3.20a)
B,=AnA, ‘ (3.20b)
(A|A;— A3 =1 (3.20¢)

still with the Euclidean definition of the cross-product.
The three equations: X2 =21% X3=1/A% X, - X; = H become, respectively,

[A.1S[A.]=A°
[A:1S[As1=1/A7
[As]S[A.1=H

where S= N"'N'and [X] denotes a transposed vector. Thus all first-order a deriva-
tives can be expressed in terms of any one of them, e.g. A,,; in particular, we obtain
the following complete system of three equations for three unknowns A,, B; and ¢:

Ai.+Bi.=—-A’A]
Alg+Bis=—-Ai/A\’ (3.21)
A]aA]B - B3aB33 = _A% COS .

If we finally perform the non-linear transformation: f=1/A,, ¥ =A,/A,, and note
that ¢ is the ‘twist potential’ associated with Bj;, equations (3.21) take the form:

(fi+y2)/fP=-A7
(fa+up)/fP=—1/A° (3.22)
(fufs T tatlp)/f = —cos ¢

which is a limiting case of a formulation of the Ernst equations originally proposed
by Cosgrove [21] (see § 4), where &= f+iy is the complex Ernst potential.

Now, the formulation (3.21), or (3.22), strongly suggests the introduction of two
angular variables a, b—instead of the single angular variable ¢ considered up to
here—defined as

A, =1AA, cos a Ag=—(i/A)A cos b
B, =iAA ;sina Bz =—(/A)A;sinb

where A may be complex. In terms of these, the sine-Gordon system may be very
simply reformulated as the pair of equations:

ag=—(i/A)sin b

(3.23)

(3.24)
b, =iA sin a.
It is easily seen that both ¢ and ¢:
p=a+b
(3.25)

p=a-b
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satisfy the sine-Gordon equation. The classical Biacklund transformation is obviously
the (reciprocal) transformation that exchanges the roles of ¢ and ¢; it may also be
viewed as the transformation that changes the sign of b, while leaving a invariant.

This illustrates the fact that the property of being BT greatly depends on the choice
of the unknown functions: a transformation that merely exchanges two variables is not
usually considered to be a Bécklund transformation! The point is that ¢ plays the
role of a pseudopotential when ¢ is given (and vice versa).

4, The Ernst equation

4.1. The Ernst and the Cosgrove formulations

Under the simplifying assumptions of stationarity and axisymmetry, the Einstein
equations in the vacuum give rise to the Ernst equation [7]. In such a case it has been
shown by Papapetrou [20] that there is no loss of generality in adopting a metric of
the form:

ds2=}[€“%dz2+dp2y+p2d¢ﬂ—¢Idz—a)d¢P (4.1)
and the Einstein equations are (see, e.g., [21])

Alnf+(f?/p*)(Vo)’=0 (4.2)

div[(f?/p*)Vw]=0 (4.3)

plus two equations involving the metric coefficient IT7:

2
I = 2p(f"—2f’—f———w£"°z)
f p
I, =p[(f2 =D/~ (w; - w)(f*/p?)].
The operators V, A= (V)? and div have their three-dimensional meaning and operate
on axisymmetric functions.

It is convenient to perform a complex transformation on the cylindrical coordinates
p, z and replace it by

(4.4)

a=z+i
? 4.5)
B=z-ip
which play the role of ‘characteristic coordinates’. We use coordinates a, 8 instead
of p, z throughout the rest of this paper.
Ernst [7] introduced the twist potential ¢ whose existence is ensured by equation
(4.3), which is in conservation form:

___2r
¢Ia— (a_B)wa
(4.6)
__
ORI

* According to Ernst’s Lagrangian and the Noether theorem, II is the potential that represents momentum
conservation parallel to the symmetry axis.
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In terms of ¢ the system of equations is

amfo) |

Jap = 2a-B) f(faf;a Yaths) -
_ (dla — ) ‘
waﬁ - 2( ﬁ) f(fawﬁ +.fB(y[Ia)
together with

(@—-B)

I, =——5—(fat¥a)
(f | (48)

Hp=- afzﬁ 2+¢f3)-

Ernst further introduced the complex potential € = (f+iy) and showed that it satisfies
the equation:

(E+ E*)AE=2(VE)? (4.9)
which is, in a, B coordinates,
(gﬁ Ega)
(&+&* (?ga +——F——)=2%,%,. 4.10
) B 2( _ﬁ) B ( )

Cosgrove [21] pointed out the importance of equations (4.8) defining the metric
coefficient IT and proposed an alternative formulation of the Ernst equation, consisting
of that pair of equationst, completed by

= —(fufs + Yatip)/f*. (4.11)

The great usefulness of this formulation comes from the fact that it is equivalent to
the statement that I, II; and II,4 are the coefficients of a pseudospherical metric.

The Ernst equation is invariant under a duality transformation (.S) [22] characterised
by the transformation formulae:

(a=pB)

of Y =w w'=4y

[ ="

(4.12)

while leaving @ and B invariant.

It also possesses an SL(2) symmetry group, denoted (G), which expresses invariance
of the Einstein equations with respect to linear transformations of the coordinates ¢,
¢ [8]. The image of (G) by the duality (S) is another SL(2) group, denoted by (H),
which comprises scaling transformations and pure imaginary translations of € and of
1/€ as well; the latter being Ehlers’ gravitational duality rotation [23]. A three-
dimensional linear representation has been derived in terms of the Ernst potential as

(see [8])
A=1/f A=y/f A=+ f (4.13)
+ It is of interest to note that I1 is dimensionless and is given by (4.8) in conservation form. In such cases,

the consideration of the variable e!' is useful and may be viewed as a generalisation of the Cole-Hopf
transform [19].
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meaning that the elements of the group (H) operate linearly on A;, A, A3 Il is an
invariant of the group.

4.2, The ‘hydrodynamical’ formulation

We now go back to equation (2.15)—which, we recall, may be derived from one-
dimensional gas dynamics—and substitute for I' the expression

I'=-2ip/X?
=(B-a)/X>

In the same way as in § 3.1 we define X’ the unit vector paraliel to X: X'=X/vX?,
and rewrite equations (2.15) in terms of X’. Forsaking the primes (rewriting X for X'
from now on), they become?

U,=—(a—B)X r X,
Us=(a—B)XrX; (4.15)
X*=1

(4.14)

which is a complete system of equations for the unknowns U and X. Its dual form,
obtained by solving for X,, Xj, is

X, = X AU,

1
(a=pB)
1
(a-p)
The geometrical arrangement of the vectors is the same as in the sine-Gordon case;

in particular, the trihedrals {X, X,, U,} and {X, X;, U} are both orthogonal. Introduc-
ing the two scalars:

HEXQ'XB

(4.16)

Xﬁ:: X/\UB.

(4.17)
K=(XX,,X5)=0Q
we have from the integrability condition of U:
(Xa _Xﬁ)
X, ;=————-—HX (4.18)
* 2a-B)
Using this result, it is easily shown that the pair of equations
I, =~(a—B)X,
(4.19)

I =(a -B)X;

is integrable and defines a potential II—later to be identified with the Papapetrou
metric coefficient. We note the relations:

H = HGB
(H*+K?) = (X.)(X3)=-T,I/(a—B)
which show that H and K can both be expressed in terms of II.

(4.20)

+ The present formulation (4.15) may also be viewed as a special case of Kinnersley’s [8] equation (8.8).



2504 B Gaffet

Now, using the general analysis of § 2.2, we expand the second derivatives of X
on the base {X, X,, X;} and obtain a system of the form (2.3), with coefficients

1 1

= =—— D=-H
“T2a-p) T T2@-p)
by=4 (1nK)+; ¢ =9 (an)————L—
o 2(a-B) P 2(a-B) 21)
by=IL./(a ~B) ey =~Tl/(a~B) '
1 K b, 1 (K) ¢ }
=—|Hé,In| = |- C=—|HjzIn| — | +————|.
cl[ O “(H) 2(a—ﬁ)} bl[ %M H) 2a-p)
The resulting equation satisfied by the scalar coefficients H, K, I is
dap(In K)+BC+H+ 0. (4.22)

4a-B)Y

Since H and K can be eliminated using (4.20), that is in effect an equation for the
single unknown function II. We show in § 4.4 that it does coincide with Cosgrove’s
equation for IT (denoted vy in [217).

Equation (4.22) can be reformulated in a way which makes its relation with the
sine-Gordon equation more transparent, in terms of ¢ =tan"'(K/H):

sin(2¢) 1 K K\]_
Sl @) (3]

The first two terms give the sine-Gordon equation far away from the symmetry axis.

@5+ K+

4.3. The Bdcklund transformation

With our choice of dependent variables, the Backiund transformation turns out to
coincide with the duality transformation (S) given by (4.12), with f replaced by 1/ X,
ie.

II'=(a—-B)X"II
X'=1/[(a~B)X].

As in the sine-Gordon case, the validity of the above transformation depends on the
fulfilment of a non-linear (quadratic) constraint{ on the pseudopotential X:

(b X3 +2HX. X+, X.)~K*X*=0 (4.24)

(4.23)

generalising (3.13), in addition to the linear system (2.3) and (4.21). Equation (4.24)
may also be written in the form

(XX, — X X5)2+ X7 (X, 7 X5)2=0 (4.25)

more readily interpretable in geometrical terms.
The proof of compatibility of (4.24) with the system (2.3) and (4.21) lies in the
observation that (2.3a, b) arise as consequences of (4.24) and (2.3¢).

T When the problem is reduced to (third-order) linear ordinary differential equations, that constraint takes
the form of a second-order non-linear Appell equation [21].
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4.4. Correspondence with the Ernst and the Cosgrove formulations

We observe that the vector X, satisfies two scalar conditions:
X X,=0 X.=-I./(a=B)

so that one of its components only is free, and similarly for X,;. This suggests
representing X, and X, in terms of two numbers, a and b. It turns out that the
parametrisation assumes a simple form if we first perform the complex linear transfor-
mation on X (equation (3.19)) introduced in § 3.3, which transforms it into a new
vector A. The derivatives of A may then be parametrised in the following way:

H 1/2 H 1/2
A1a=< “B> A,cosa A,B=<B £ ) A,cos b
o — -
(4.26)
H 1/2 HB 1/2
A2a=< = ) (A, cos a+sin a) A23=<B ) (A, cos b —sin b).
a— -a

The vector U too is linearly transformed by (3.19) into another vector B, whose first
derivatives are given by formulae similar to (4.26); in particular, three simple relations
generalising (3.21) are found which, after performing the non-linear transformation
A =1/f, A,=y/f, become

(f2+u2)/f =T /(a~B)
(fa+up)/fi=-Mg/(a—B) (4.27)
(faf}? + wadjﬁ)/fz =—-H= _chB

which is Cosgrove’s system. This completes the proof that the equation we started
from (4.15) is equivalent to the Ernst equation.

4.5. Conformal invariance and the spectral parameter

The conformal invariance of equation (4.15) is spoilt by the presence of the factor
(a —B) but can be restored by rewriting it in the form:

U,=-TX r X, Uy =TX X, X?=1
Faﬂ=0~

The formulae derived in the preceding sections can be easily rewritten, without need
for further calculation, in conformally invariant form by merely inserting factors
Yoa=d.InT, y3=385 InT where needed. Thus equations (4.21) and (4.22) become,
respectively,

(4.28)

ao=-vs/2  a=-%./2 D=-H
bo=0d,(In K)+v,/2 co=08z(In K)+v5/2
° e ? (4.29)
b1=‘thHa C1=yBHB

1 K 1 K
B=c—l|:H8Q ln<§>+%b1y3:| =b_|[HaB ln(g>+%c,ya]
dup(In K)+ BC+ H ~3y,7, =0. (4.30)

Together with the equation I',; =0, which is, in terms of y=InT,

Yaﬁ = _‘YQYB (4'31)
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equation (4.30) constitutes a complete system for the two unknowns II and y. The
essential simplifying feature, which permits the introduction of a spectral parameter,
is that the function y occurs through the product v,y only in (4.30) and this product
does not change under the conformal transformations:

a'=1/(a+k)
(4.32)
B'=1/(B+k).
We have indeed
it an___ (a—B)
P=le =B =~ o +r
Hence
/____1_____ b V2 _ a+k\?
y“—(a—B)Vz Vg = @=p) where V_<ﬁ+k) . (4.33)

The arbitrary constant k does not enter equation (4.30) for the invariant unknown
function I, but it does appear as the spectral parameter in the linear equations (2.3)
and (4.29) defining the pseudopotential X.

For more details we refer the reader to Kramer and Neugebauer’s review [24].

5. A generalised sine-Gordon equation

Comparing equations (3.22) and (4.27), it becomes clear that the sine-Gordon equation
is nothing other than the limiting form of the Ernst equation far away from the symmetry
axis: it may be recovered from (4.27) by substituting

a=aytx
B=PBoty (5.1)
O=¥a-B)Y+F(x,y) F,=H+1

and letting a,, By~ % while keeping the new coordinates x, y finite; the result is the
sine-Gordon system in coordinates x, y.

In the same way, the limiting form of the axisymmetric Einstein-Maxwell equations
(considered in § 6), when «, B, become large, is a generalised sine-Gordon equation,
which is called here the sine-Gordon-Maxwell equation. Its precise form may be
derived from the Einstein-Maxwell system by merely replacing all factors p, i.e. (o — 8),
by a constantt.

Following Kinnersley ([8], equation (8.8)), the Einstein-Maxwell problem is formu-
lated in § 6 as

BL =(a _ﬂ)fijkAjAka

) N (5.2)
B;B =—(a _B)fukAjAkB

t Since the Einstein-Maxwell equations have been identified as a particular tridimensional non-linear o
model {25], the sine-Gordon-Maxwell equations must be the same, restricted to two dimensions.
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where A,, B; are eight-dimensional vectors and % is a totally antisymmetric tensor

whose components are also given in [8]. The sine-Gordon-Maxwell limit is thus

sz =kaAjAka

o (53)
B’ = _fl', AjAkB‘
We will often write for conciseness this system in the form
B,.=AnrA,
(5.4)
B;=—-AnAg
ijk

recalling that fY* is totally antisymmetric.

5.1. Basic geometrical and group properties

The system (5.2) is manifestly invariant under a symmetry group (H’), which has the
SL(3) structure, and A, B belong to an eight-dimensional representation of the group.
Four of the components of A only are independent and they can be parametrised in
the following way [8]:

A=1/f Ar=y/f Ay=EE/f Ay=®/f
As=0%/f Ac=DE*/f  A,=D*E/f Ag=1-300%/f

in terms of two real parameters f, ¢ and one complex, ®; €= (f—0d*+i¢) is to be
identified with the complex Ernst potential [26]. These are the eight covariant com-
ponents. A metric g; can also be defined, whose components in the same base are [8]

(5.5)

g13=2 847 = 8s6= —gn =1 gss=3. (5.6)

The tensor f ¥ appearing in (5.2) is totally antisymmetric and its components are given
in [8] as

f123___ __f247 f256 % f]67 ___f345 =f478= _'f568=i/2. (5.7)

5.2. More concise formulation, based on Cosgrove’s method

The formulation (5.2) is extremely concise, as long as one does not write down explicitly
all eight components. It is possible to derive a formulation involving only four complex
variables U,, U,, V|, V, in the following way.

Cosgrove’s [21] formulation starts with the three equations defining the derivatives
I1,, I1; and Il,; of the metric coefficient II. In the Einstein-Maxwell case, these
equations assume the form:

f2+~1r2 4 ) :__ 1.
V24 W)= Al =——2
f? +f( * W)= Ta-8
SRt YE 4 HB
Vit Wh)=AL= .
Iz +f( +W3)=A; y (5.8)

fufs+ ¥ ¥, 4
——‘—fz———e*'}(VaVﬁ W, W) =4, Ag =TIl
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where V, W are the real and imaginary parts of the complex potential ® and ¥, ¥,
is an abbreviation for

Y, =y, +2(VW, - WV,)

(5.9)

(It should be noted that the above pair is not integrable and the symbol ¥, without a
subscript, has no meaning.)

As mentioned above, the sine-Gordon-Maxwell limit is obtained by replacing
II,/(a—pB) and II;/(a — B) by constants, and I1,; may be relabelled as H.

The first two equations (5.8), being a sum of four squares, suggest the following
parametrisation in terms of four complex numbers U,, U,, V;, V..

1 2
U ==(¥,—-if, Uy,=—(V,+iW,
i f( fe) > \/f( )
) ) (5.10)
or, using the complex Ernst potentials &, ®,
(&, +20*D,) 29,
U=——""77— U,=
1 lf 2 \/f
(5.11)
(€5 +20%D,) 20,
Vl = =T
if vf
The parametrisation is thus
ga = ifUl —q)*\/f UZ q)a =%\/7‘ UZ (5 2)
.1
igﬁ =lfV1—¢’*\/7 V2 q)lg_—'%\/i Vz.
The three equations (5.8) then are, in the sGM limit,
Uz U;k - U] UT =1
P+P*¥=2H
where, by definition of P,
P=U,V¥-U,V7}. (5.14)
Thus H is the real part of P; we shall denote its imaginary part by K:
P=H+ikK (5.15)

A complete system of equations for the unknowns U, ,, V,, only, excluding the
Ernst potentials, is obtained by expressing the conditions of integrability of € and &,
given by (5.12), and of, e.g., B, and B,. The resulting system is

1 :
U13=Z(P—U1V1) U =3i[2U, Vot Un(Vi + VT)]

1 (5.16)
Vie =5 (P*= UiV)) Vaa =3[2U, Vi + Vo(U, + UY)]

with P defined by (5.14).
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5.3. Projection on the tangent plane to (X); the third invariant L

Following the general method outlined in § 2.1, we now calculate the second derivatives
of A and B, expanding them on a base in the eight-dimensional space. First we will
consider the projections on the hyperplane tangent to the SL(3)-invariant surface (X)
which is the locus of A as the Ernst potentials &, ® are arbitrarily varied. Of course,
A, and A, belong to the tangent plane and it can be seen that B, and Bg are tangent
vectors too, so that, taken all together, these four vectors span the four-dimensional
hyperplane tangent to (2).

Before computing the projections, some geometrical results concerning the first
derivatives are needed. By the very definition (5.12), the derivatives A,, A; are seen
to be calculable in terms of U,, U,, V;, V, and the Ernst potentials; the derivatives
B,, B;, which are given by (5.4), are similarly calculable too. The following relations
between derivatives are then easily seen to hold:

Al=A,=B.=B;=1
Aa.Ba=0=A[3'BB

(5.17)
A, Ag=H=-B, B,
Aa'Bﬁ';_K:A‘;'Ba
and
B, rnB;=—A_rA
g ? (5.18)

Aﬂ /\Ba = _Aa ABﬁ'
The last two relations indicate that four of the cross-products only are independent;
they are

A, NAg A, A Bg A, NB, Ag A Bg.

These four vectors span a four-dimensional subspace orthogonal to (£); together with
the first derivatives A,, Az, B,, B; they form a base of the eight-dimensional rep-
resentation.

The second derivatives A.5, B.s can be explicitly determined:

A=A, AB
? ? (5.19)
Baﬁ = _Aa A Aﬁ'
Next, the second derivative A,, may be formally expanded as
Apo = oA, +a,Ag+byB,+b,B;+- (5.20)

where the dot symbolises the part orthogonal to (X). Using the properties (5.17) and
(5.18) we have

A, A, =0
Az A, =H,
g (5.21)
ch ‘ Aaa = BS
BB . Aaa = _Ka'

The third projection, B, - A, = Bg, remains a priori undetermined, meaning that the
quantity Bg is a new SL(3)-invariant scalar, in addition to the already known scalars
H and K (the index 8 is a reminder of the dimensionality of the representation). This
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yields four equations for the coefficients of the expansion but, introducing two complex
numbers

I=a,+ib, m=-—aq,+ib, (5.22)
these can be rewritten as a pair of complex equationst:

IP-m=P, ‘

(5.23)

[—mP*=iB;,.
The determinant of this system is

§=1- PP*, (5.24)

In the same way the derivative Az may be obtained in the form
Apg = CoAnq + ¢ Agt+dyB, +d Bg++ (5.25)

where ¢, ¢;, dy, d; are real and
['=(c,—id,) =(iCs— PP%)/ &
m=—(co+idy) = —=(P§—-1P*Cy)/ 8
and Cjg is a fourth SL(3)-invariant scalar.
From A,., B,. may be at once deduced, using the formula
B..=AnA,. (5.27)

substituting the expression (5.20) and noting that A A X =0 whenever X is orthogonal
to (X). We thus find

(5.26)

Baa = aoBa_alBB_boAa+b‘AB (5.28)
without any residual component orthogonal to (2)! By symmetry
BBB = ~COBa+ClBB+d0Aa _dlAB (5.29)

The above equations (5.28) and (5.29) are linear in both A and B, which will turn out
to act as (linear) pseudopotentials (see § 5.4).

We now turn to the determination of the complete set of PDE satisfied by the four
basic unknowns, the scalar coefficients H, K, Bg, Cs; this can be achieved through an
examination of the conditions for integrability of B, namely by requiring d4(B,,) =
3.(B,g). Differentiating (5.28) and (5.19), we respectively obtain

aﬁ(B;m) = (aOBBa —a,5B; — bOBAa + blBAB) + (blAﬁB - ‘113;33) + (aoBa;a - bOAaB)
Ga(BaB) = Ba A BaB +Baa A Bﬁ.

From the property that, whenever X and Y are both tangent to (), their cross-product
X A 'Y is orthogonal to () , we note that the last term, B,, A Bg, is orthogonal to (2);
then, projecting (5.30) parallel to (X), this term can be eliminated and the required
equations of motion can be derived, equating to zero the coefficients of A,, Az, B,,
B;. They are

- (530)

1
P.p=3(1+ PP*=2P*) ——[(P*P,Py = PL.Ls) ~i(LoPa+ LgP.)] (5.31)

L,s=3i(P-P*)=-K (5.32)
(The coefficients By, C; are related to L by By=L,, Cg=—Lg.)

t The complex equations for / and m could be directly obtained through a consideration of the complex
vector A +iB, instead of separately considering 4 and B.
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Equations (5.31) and (5.32) are the desired SL(3)-invariant system of equations
for two scalars: one complex (P), the other real (L). The system may be somewhat
simplified through the transformation

P=Q¢e™" (5.33)
which gives

dap(ln Q)+ %’205”=£- (5.34)

5.4. Eight-dimensional pseudopotentials

The expression (5.20) of the projection of the second derivative A,, may be completed
by adding the component orthogonal to (2):

A..=—AANB,,—A,rB,.
Using the geometrical result that, for all X, A X is tangent to (X), we see that the
two terms on the RHs are the parallel and orthogonal projections, respectively; therefore,
we have

Aaa =a0Aa+a1A5+boBa+b]BB—Aa ABa' (5.35)
As already noted, the formulation may be appreciably simplified through the consider-
ation of the complex vector C = B+iA and its conjugate, C*= B —iA.

Following the general method and notation of § 2.1, we then choose the following

complex base vectors:

E1=_CaACB E2=C§/\C73( E3=CQACZ< E4=—Cﬁ/\C?§
E5=Ca E6=Ci< E7=_C§ E8=_CB'
The a derivatives of Es-Ej are already known, being given by (5.35), (5.19) and (5.28);
the derivatives of the remaining E,-E, may then be reduced to cross-products involving
first derivatives only, which can be computed without difficulty. The result is an
eight-component ordinary differential equation of the general form (2.1a):

Ela El

- =M (5.37)
ESa ES

(5.36)

where the matrix coefficients are functions of the four scalars P, P*, B; and Cs, in the
following way:

10 0 -m! P =P 0 -}

0 0 -m*liPr —P* ) 0

-m* -m (I+1*) 0 : 1 -1 0 0

o 0 0 0 1} -1 1p _ipx

el e N Y A (5.38)

o 0 ¥ o010 I* 0 -mt

o - 0o 010 0 0 0

) 0 0 1 90 0 0 1

I and m being given by (5.23). .
By the general symmetry (here called (7)) which exchanges @ and B, U, and V,
(i=1,2), P and P*, B; and C;, 1 and I, m and i, another opE of the form (2.15)



2512 B Gaffet

also holds:

=M (5.39)
ESB Es

where M is a matrix whose coefficients correspond to the coefficients of M by the
above transformation.

The equations of motion (5.31) and (5.32) may be recovered by forming the
commutator [ M, 1\71], as in (2.2).

The pair of equations (5.37) and (5.39) is an overdetermined linear system for the
column vector (E,..., Es); each element E; thus plays the role of pseudopotential
when the four basic unknowns P, P*, Bg, Cy (which are independently determined
by the equations of motion (5.31) and (5.32)) are given. Furthermore, a pair of
eighth-order linear oDE for each pseudopotential E,, may be derived through the
elimination of the seven remaining base vectors E; (i # i,); the general solution possesses
eight linearly independent solutions, which are the eight components of Ej,.

It turns out, fortunately, that one does not have to solve pairs of eighth-order
equations in order to obtain pseudopotentials. The eight-dimensional representation
separates into a product of fundamental representations of dimension 3 and a much
simpler set of pseudopotentials may be found, which are given by pairs of oDE of the
third order only; they are derived in the following subsection.

5.5. Separability into a pair of fundamental (3D) representations

The four quantities U, and V,, which are given in terms of A by (5.10) and (5.5), are
pseudopotentials too. They present the drawback of occurring non-linearly, but they
are easier to handle in explicit computations, being fewer in number than the eight E;
considered in the preceding subsection.

We will have to calculate the o derivatives of U, , and the B8 derivatives of V,,
which are not given by (5.16); they are, however, related to the second derivatives
A.., Ags, which have already been determined. We thus find

1
U =%i<U%—1)+E(U§‘PQ -iV§L,)

(5.40)
: 1
Uro =35iU(3U, + UT)+E(UTPQ —iViL,)
where, by definition,
AE U1 Vz_ Ule hence AA*E_6 (541)

Exchanging the coordinates «, 8 we similarly have, for the 8 derivatives of V,,

. 1 -
Vig =%1(Vf—1)—E(V§‘P§+1U§"LB)
1 (5.42)
Vag =3 V2(3Vi+ V) — S (VIPE+iUTLy).

The quantities U;, V; (i =1, 2) are thus pseudopotentials (over)determined by equations
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(5.16), (5.40) and (5.42); an essential simplifying property is that the equations determin-
ing U\, V, separate from the rest of this system. Equations (5.16) for U,, V, are already
in separated form; the separability of equation (5.40) for U,, arises from the fact that
the factors U¥/A*, V¥/A* occurring in this equation may be rewritten in terms of U,,
V, as

U3/A*=(V,—P*U,)/8

VE/A*=(PV,— U))/s. (5.43)

The result of this substitution is a system equivalent to a second-order non-linear ODE
for U, or V:

1
Ula =%i( U%_ 1)+g[(iLa _P*Pa)U1+(Pa _iPLa)Vl]
(5.44)
Via =%i( U, V- P%)

and a symmetrical system which may be deduced from the above by exchanging the
roles of a and B.

We now take advantage of the manifest Lorentz invariance of the scalar equations
of motion (5.31) and (5.32) and introduce a_spectral parameter A (which may be
complex) in the above equation (5.44) and its ( T)-symmetrical equation, which become

U =,\(U]2—-1)+iU1La+—QS—a(V1 eiL—Q*U1)

(5.45)
Via =/\(U1V1"P*)

1
UIB =K(P_ U, Vl)

1 o (5.46)
Vig =X(1 - Vf)—iVlLB-FTE(Ul e - QV,).

The variables «, 8 have here been rescaled by factors of two in order to get rid of
reducible factors of 3 in the above equations; then the scalar equations (5.31) and
(5.32), which are the compatibility conditions of (5.45) and (5.46), become

Qs 8
dap(In Q)+QQ$;=—}; (5.47a)
Log =2i(P~P*)=—-4K (5.47b)
P=Qe™" (5.47¢)

We use the form (5.47) of the equations in what follows.
The system (5.45) and (5.46) is non-linear, but it can be linearised through the

transformation:
Xa/X = _/\Ul "'%iLa
. (5.48)

which produces a linear system of the general form (2.3) for the (number) X, with
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coefficients
ao"%iLﬁ al=—‘17iLa D=—(H+%LQLB)
* %
8 8
iQ, e't 302 iQ*Q.L
b =/\2<1+ ey >—<——-"+——“3+ = 4
! 45 * 16 4 48 (5.49)
1 ( ie‘“'QELa> ( 3L; iLgs | iQQg‘Lﬁ>
a=—l1-——L=2 ) ¢ | - R L2
A 48 16 4 45
i 1 - Q*
B=-1%e"Q,/8 C=—Fe L?B.

The equations of motion (5.47) may be seen to arise by application of the general
compatibility conditions (2.4) and (2.5).

A pair of third-order opE for X can be deduced (see (2.7)), which present three
linearly independent solutions X, X,, X;; these are the components of a three-
dimensional vector X, which provides an explicit fundamental representation of the
underlying SL(3) symmetry group, (H’).

Equations (5.47) are complex and their complex conjugate forms must be satisfied
too; they may be viewed as the compatibility conditions of a set of equations for U7,
V¥, complex conjugate to the system (5.45) and (5.46) (the spectral parameter A must
be formally treated as pure imaginary under complex conjugation: A*=—A). The
corresponding linearising transformation is the conjugate of (5.48) and the linear
pseudopotential X* (of which X* is an arbitrary component) satisfies a system of the
form (2.3) with coefficients which are the complex conjugates of those listed in (5.49).
Thus the three-dimensional vector X* provides another fundamental representation
of (H').

Still, the potentials X and X* cannot be chosen completely independent from one
another: there is a condition that they must satisfy, ensuring integrability of the
remaining potentials U,, V,. This can be seen most simply from the fact that the ratio
V,/ U, can be expressed in two ways against U,, V, as

1+v,v¥ VvV, P*+VUF

P+UVF U, 1+UU? (5.50)

and hence the compatibility condition:
(PVUF+P*U, V- (U, UF+ V, V) =6 (5.51)

The above constitutes a bilinear constraint on X and X*; when, e.g., X is given, the
constraint on X* is linear and becomes

PV, - U ‘ iL, ')\L‘; KU~V
( L I)X (P Ul 1) B ( 14/\ ( ! 1) : 4 ( ! 1)>
(5.52)

In the particular case where L=0 and P is real, the scalar equations reduce to the
sine-Gordon equation (3.16), with P = H; the potential X may then be chosen real,
i.e. X*= X, and the bilinear constraint becomes the quadratic relation (3.13) which
was found to be relevant to the sine-Gordon problem.
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The Bécklund transformation, based on linear pseudopotentials X, X* satisfying
the bilinear constraint, will be discussed in the following subsection.

5.6. The Bdcklund transformation

The sine-Gordon-Maxwell system studied here possesses an SL(2) group of symmetry,
which corresponds to the group (G) of linear (¢, ¢) coordinate transformations {8] of
the axisymmetric Einstein-Maxwell case (§ 6). Finite transformations of the group
constitute Backlund transformations of our system (5.47).

Two of the three generators are trivial: the first, (G,), represents infinitesimal
translations of the metric coefficient w (w is related to a component of the eight-
dimensional vector B: w = —3}B,), while leaving the Ernst potentials €, ® invariant.
Another, (G;), is the generator of scale transformations: §& =®, §€ =2%, dw = —2w.
One generator only, (G,), presents interesting transformation formulae:

8®=4(B,~PB)) 8% =—-€B,—®B;+iB,
8B, =3(Bi - A}) 8A;=A,B,.
The resulting formulae for U;, V; are
sU, =iU/f SU,=1U,/2f
8V =-iV)/f 8V, =—1V,/2f.

(G,) and (G,) obviously leave U; and V, invariant.
By exponentiation of (G,), a finite transformation, corresponding to the interchange
of t and ¢ coordinates in the Einstein-Maxwell case, may be derived:

f=w’f+1/4f
0'=—-4of*/(1+40*f?).

In terms of the polar representation (o, 8) of the complex number {(w +i/2f), namely:

(5.53)

ce’=w+i/2f=11A,~B)) (5.54)
the finite transformation also becomes
o=1/c 0'=m—86 fr=0*f w'=-w/o’
(5.55)
¢'=3B,® - B,)
and
Ui=U,¢e"* Ub=U,e* (5.56)
. . 5.56
Vi=Vv, e Vi=V,e "
whence
P'=U,V§e?’ - U, V§e*
(5.57)

L'=L+46,

Equations (5.56) agd (5.57), with 8 determined by (5.54), define the proposed Bicklund
transformation. We show in the appendix that it generates the two-soliton formula,
starting from the vacuum.
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In order to be able to apply the BT we must now provide a means of calculating
A,, B, in terms of our basic unknowns P, L, U;, V;; the new potential # will then be
determined as

tan 6 =—A,/B,. (5.58)

Remembering the definition (5.48) of X, and equation (5.10) satisfied by f, we may
identify

A =1/f=-XX*. (5.59)

Rewriting X, for X, the two remaining components X,, X; of X may also be identified
with the Ernst potentials as

¢=X2/X1 gz_X3/Xl (5.60)

together with the complex conjugate relations; the resulting eight-dimensional rep-
resentation is

A1=_X1X;!< Az=%i(X1X§k_X3X=1k) A3=—X3X§k
A= =X, XF¥ As=—-X,X* As= X, X* (5.61)
147=ij,ng< Ag=1+3X2X§(.

The two vectors X and X* must satisfy a constraint: (€ + &*)=2(f—®d®*), i.e.
HXXF+ XX - X, X¥=1. (5.62)
Using the three-dimensional restriction of the metric (5.6), this also becomes
X - X*=1. (5.63)

It is interesting to remark that, in the case where P is real (P=cos ¢, L=0),
equations (2.3) and (5.49) for the (real) vector potential X coincide with the sine-
Gordon equations (3.6) and (3.19) for the vector potential A (denoted by Agg in what
follows). Thus X may be identified with Ags and the constraint (5.63) reduces to
Al =1, which are (3.3¢) and (3.20¢). According to (5.60), the Ernst potentials are then

D= g E"(féc‘“lféc) ¥=0 f= “féo- (5.64)
The sine-Gordon equation satisfied by ¢ =cos™' P is, using (5.47a) where Q= P,
®ap = —sin ¢. (5.65)

On the other hand, the sine-Gordon-Maxwell system obviously reduces to sine-
Gordon also in the case where the electromagnetic complex potential ® =0 and where,
as a consequence, the eight-dimensional vector A possesses three non-vanishing com-
ponents A, A, and A;, which can be identified with the three-dimensional sine-Gordon
vector potential Ags. That case is characterised by the properties:

5=0 Q=1 P=¢'t P*=1/P. (5.66)

We may identify L= ¢, P=¢'%, and using (5.47b) it can be seen without calculation
that ¢ satisfies a sine-Gordon equation:
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with a normalisation different by a factor 47 from that in (5.65)!

We now go back to the Biacklund transformation and the construction of a potential
8, given by (5.58). The vector A having been already determined in terms of X, X*
in the form (5.61), the remaining quantity B, occurring in the definition (5.58) is
obtainable by quadrature of

B, =2(XX*¥-X*X_)+ XX*L,
Bip=—2i(XX5~X*Xp)+ XX*Lg.
In the case where P is real and L is zero, X may be chosen real and B, identically
vanishes. The formula (5.58) gives 6 = /2 and the BT formula (5.57) reduces to

P'=-U,Vi—U, V¥ In such a case the quantities U;, V; may be identified with the
sine-Gordon angular variables a, b introduced in § 3.3, in the following way:

(5.68)

U,=cosa U,=isina
Vi=cosb V,=-isin b (5.69)
Ur=-U, Vi=-V,

and we have P'=cos ¢’ = cos ¢. Thus the proposed BT reduces, in this particular case,
to the sine-Gordon classical Bicklund transformation which exchanges ¢ and ¢ (§ 3.3,
equation (3.25)).

5.7. Three-dimensional vector equations

We have seen (8§ 5.5) that the sine-Gordon-Maxwell system can be formulated as a
pair of three-dimensional vector equations of the form (2.10) with coefficients satisfying
(2.6) and (5.49). There are two vectors involved: one has been identified with the
vector X considered in § 5.6, whose components determine the Ernst potentials
(equation (5.60)); another, U, is related to the complex conjugate X* of X, but not in
a simple way. It thus appears desirable in the present case, in order to preserve the
basic symmetry of complex conjugation, to rewrite the general system (2.10) in a
modified form where the two unknown vectors are X and X*, rather than X and U.

In view of the form of the constraint (5.62) and (5.63) it is best to replace U by a
new vector (hereafter, denoted by U also)} whose components are respectively

U'=X%/2 Ul=-X?% U= X%/2. (5.70)

They may be viewed as the contravariant components of X* (the upper index will also
serve to distinguish the vector components U' from the two variables U, (i=1,2)
introduced in § 5.2).

The vector equations can be deduced starting from the identity

AU¥=(P*U,~ V,) (5.71)
where we substitute (using (5.11) and (5.60))

| >

Uzz/\i\/—f‘i_ltaa(xz/xl) V,= .\/XH%(Xz/Xl)-

—

T Thus the transformation (5.64) which relates the sine-Gordon equation to the real sine-Gordon-Maxwell
equation, unlike all other transformations considered in the present paper, also affects the value of the
independent variables «, 8, namely the transformation formulae (5.64) must be completed by a =2agg,

B=2Bsc-
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Also, using the definition (5.48) of X, we substitute
1
/\U’,"=-I—J—3(Ui+a,U3).

Then the identity (5.71) is

AX3
(1\/2—_;]3>( U¢31 + a; Us) = P*(Xlxza _X2X1a)+)\2(X1XZB “szw) (5-72)
1
which is the third component of a vector equation:
QU +a,U)=P*X A X, + 1’ X 7 X;. (5.73)

Another equation is obtained by exchanging the roles of « and 8:
1
—Q(U[3+aOU)=—/\—2X/\XC,+PX/\X;3 (5.74)

and of course, we also have
U-X=1. (5.75)

We proceed to‘analyse the main properties of the above system (5.73)-(5.75) without
at first making any assumption on the coefficients. Since they occur in a homogeneous
way, however, we can always set without loss of generality:

O=(X X,, Xp) ‘ (5.76)

as in § 2.3. The system may be solved linearly for X,, X,, in a form ‘conjugate’ to
that of the original system:

%X, —a,X)=PUANU,+AUnr U,
(5.77)

1
Q*(Xﬁ_a0X)=PU/\ UQ+P*U/\ UB

where, by definition of Q* and §,
-Q0*=(1-PP*)=34. (5.78)
It is also of interest to note the result:
—dU-dX =(A*da®-2H da dB+dB?*/A%) +(a, da + a, dB)* (5.79)

where we have introduced: H=(P+ P*)/2, K=(P- P*)/2i
We expand the second derivatives of X on the base {X, X,, X;} in the usual way;
we thus find

X.o = boX, + BX; + b, X

where

by =—(a,bo+ayB)+(a,,+ai+Ar?).
Similarly

Xps = CX, +co X+, X
where

¢y ==(aoco+a,C)+(aps +ai+1/A%)
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and
X.p = (wg — ¢o) + (w, — bp) Xz + DX
where w =1n () as usual, and
D =3(ao, +a,5) — (aow, + ayw5) +(aoho+ a;¢o) + (aoa; — H).
Furthermore, a,, a,, b, and ¢, satisfy the equations
a1 — Ao, = 21K (5.80)
by/A*=2Hcy=—Puwz — P5+(P—2P*)a,— A*C +(w, — a,)/A*
—2Hby+A’co=—P*w, — P, +(P*-2P)a,— B/A*+ A*(ws — a,).

The sine-Gordon-Maxwell system is, as we show below, entirely specified by further
requiring

w, = a1+b0
(5.81)
(1)3 = ao+ Co
(as in (2.6)) and also (ay, + a,5) =0, which may be rewritten as
a,=iL,/4
o (5.82)
a, = _iLa/4.

There are thus four unknown functions: ), P, P* and L, and a free (constant) parameter,
A.

The equations of motion are provided by the general conditions (2.4) and (2.5);
the first equations ((2.4a), (2.5a)) yield

w.p+BC+H=0. (5.83)
The second equations ((2.4b), (2.5b)) give, respectively,

3s(P*B)+A\*(BC+P*)=0
(5.84)

1
aa(PC)+F(BC+P) =0

both of which can be integrated as
P*B/\*=w,—iL,/4— F'(a)
APC=wg+ily/4— G'(B).

The resulting expressions for B and C are

p
B= —Azg[Qa/Q—F’(a)]

P*
C=—15[Q/Q*-G'(B)]

where we have introduced Q= Pe™'", Q*= P*e'". Finally equation (5.83) yields a
second-order equation for P:

B
Pis(In P) =55, In(PP*)+8(1+ BC/ P*) ~ 4iKP (5.85)
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which, in terms of g=1n Q, is
Gop + (9o — F')(qe + G')/8=8/P. (5.86)

The potential L may be redefined as L+i(G ~ F) without affecting P or P*. Therefore
the arbitrary functions F and G are reducible and can be set equal to zero without
loss of generality. Equation (5.86) then reduces, as announced, to the sine-Gordon-
Maxwell equation:

Gop T 9.9/ 8=8/P (5.87)

(the equation L,z =—4K is also satisfied by virtue of (5.80)).

In order to construct the Backlund transformation we must, as shown in § 5.6,
introduce an appropriate generalisation of the complex vector C=A+iB. In the
present formalism the quantity that corresponds to the eight-dimensional vector A4 is,
obviously, the tensor:

Al=-XxU’ (5.88)

the correspondence being given by (5.61) and (5.70). The quantity corresponding to

C is a tensor C/, defined by
Cla=-U(Xiu—a,X;))=U[UA (XA X,)]; (5.89)
1y ==X, (Us+aoU') = X,[X A (U a Up)Y '

(this is easily shown to be integrable by cross-differentiation). A second tensor C}’
may also be defined as

C¥H=-X (U, +aU)

C:kﬁj == UJ(X,B - aoxi)
which is related to A/ by

Cl+CH=Al

Rewriting X for X;, U for U’, C for C/, the Bicklund transformation is, in the light
of the results of § 5.6,

c'=1/C

(5.90)
c*=1/C*
X'=X/JCC*

(5.91)
U'=U/JCC*

L'=L+2i1n(C/C¥)

P/__E_’fp__%
T CT cHc+CH
c . CCicy

P = — p¥___ — "B
C* CH(CH+CH)

The component X of X may be chosen arbitrarily, but then there exists a linear
condition to be satisfied by the component of U, as shown in § 5.5 (equation (5.52)).
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6. The axisymmetric stationary Einstein-Maxwell equations

Papapetrou’s metric is still compatibie with a non-zero electromagnetic vector potential,
with components A,=A,=0, A,=A, A =V in coordinates z, p, ¢, t. Ernst [26]
introduced the twist potential W associated with A and the complex electromagnetic
potential ® = V+iW, in addition to the twist potential ¢ already existing in the vacuum
case (§ 5.1). Ernst’s formulation for the Einstein-Maxwell equations is then

fAE=(VE+20*VD) .- V&

SAD =(VE+20*VD) - VO

E=(f-PD*)+iy
which generalises Ernst’s equation (4.9).

The analysis of this system closely parallels that of the sine-Gordon-Maxwell system
studied in the preceding section (§ 5). Cosgrove’s equations (5.8) and Kinnersley’s
formulation (5.2) in terms of a pair of eight-dimensional vectors A and B have already
been given in § 5. The relation between A and the Ernst potentials (5.5) remains
unchanged, as well as equations (5.9)-(5.12).

It is worth remarking here that, as in the sine-Gordon-Maxwell limiting case, there
are two ways in which the Einstein-Maxwell system reduces to the vacuum Ernst
equation: the first of course occurs when the electromagnetic potential ® identically
vanishes; the second when ¢ and, e.g., W simultaneously vanish. The transformation
formulae relating these two cases are still given by (5.64):
iff=vf YE=V 5 =1I1/4 H®=PpP=p* KE=v5 (6.1)

(where the upper index E refers to the Ernst case: ®° = 0) and they too involve rescaling
the unit length by a factor 2:

at=a/2 BE=p/2.

6.1. The U,, V; formalism

Equations (5.13) must be replaced by
N=(U,UF-U,Uf)=-1,/(a-B)
M=(V,Vi-V,V{)=Il5/(a—B)

(6.2)
P=(U,Vi-U,VY)
H=(P+P*)/2=11,4.
The new variables U;, V; (i =1, 2) satisfy a system generalising (5.16):
1 (U,- V)
Ug==(P- +—
p=5 (P UV +
. (U= V) (6.3)
Vie=—(P*- U, V) +1—1
la 21( 1 l) Z(Q—ﬂ)
U,- V.
Usp =4[2U, Va+ Us(V, + vm+ﬁ
(6.4)

-V
Vo =3i[2U, Vi + V(U + U’l“)].;.(U—Z_L)
2(a—B)
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We note the relation:

Vla_ U]B=_K. (6-5)

6.2. The eight-dimensional representation

The scalar products given in (5.17) become, in the Einstein-Maxwell case,
AL=N A, Ag=H A=M
B.=(a~B)'N B, By=—(a-B)°H B;=(a-B) M
A,+B,=0=A;-B, (6.6)
A, By=—(a—-B)K=A;-B,.

We use these constraints and their derivatives and project A,., B,. on the four-
dimensional subspace spanned by the four derivatives A,, Ag, B,, Bg, in the same
way as in § 5.3:

Auo = oA, +a,Ag+boB, + b, By +-

B..=-bia—w)’A,+b(a—B)As+[a,+1/(a —B)]B, ~a,B;. (67)
As in (5.22) we introduce complex numbers:

I=a,+i(a—B)b,

m=—a,+i(a~B)b, (68)
and obtain a linear system for these unknowns ! and m:

—Nl+P*m=—3N, —iBy/(a—B)

Pl-Mm=P,+(P~N)/2(a—B) (6
where

By=B,-A,.=(a—B)A, A, A,..). (6.10)

The determinant is
8 = (MN — PP¥*)
= -AA* (6.11)

(see (5.41) for the definition of A).
B.., given by (6.7), is thus determined; the mixed derivative B,z is also indepen-
dently known:

B.s=—(a—B)A,AAg+(Bs—B,)/2(a - B) (6.12)

and the condition of integrability 95 (B,.) = 3. (B.z), gives two PDE that must be satisfied
by I and m:

e (HA3K) 3
o = mmm 4 4(a—B)
; N 3 (6.13)

2a-p) 4 4(a-B)
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where [ and 1 are the quantities that correspond to / and m under the symmetry that
exchanges a and B; they are given in terms of Cy= B+ Ags by a linear system
symmetrical to {6.9) and they satisfy two PDE symmetrical to (6.13):

3
4(a - )’
o = — It + (-ri) M__ 3
: 20a=B) 4 4a-p)*
We observe that [ and fsatisfy the simple relation:
I,~1y=3iK/2. (6.15)

Equations (6.13) and (6;14), where I, m are given in terms of the four scalars II,
K, B; and C; by (6.9), and [, 1 are given by a symmetrical equation, form a complete
system and constitute a scalar formulation of the Einstein-Maxwell system we started
from.

[,=—mm—-Y%H-3K)-
(6.14)

6.3. Separability into a pair of fundamental representations

The new scalar functions Bg, Cs that we have introduced may serve to determine the
a derivatives of U, and the 8 derivatives of V;, which are not given by (6.3) and (6.4);
then U, V,; will play the role of pseudopotentlals As in § 5.5, the equations giving U,,
V. separate from those involving the remaining unknowns; we find

Ulazéi(U%_N)+(IUl_mvl)

(U= V) (6.16)
Vi =4(U. V,~ Pp* +_1:—__1_
2 ( 1A | ) z(a _ﬁ)
-V,
Uy =5(U, V, - Py + LY
2(a—p)
. (6.17)
=H(VIi-M)+(IV,—mU,).
The system (6.16) and (6.17) can be linearised through the transformation:
X./X=U/2i-%
‘ (6.18)

3
Xp/X =Vy)2i-30

which does define a new potential X, owing to (6.5) and (6.15).

The system (6.16) and (6.17) may then be viewed as defining the second derivatives
Xoos Xop, Xpgg of X in the general form (2.3); the coefficients assume the form,
generalising (5.49):

) el
©=\2a-p) 3 YT \2(a-p) 3

. . -1 1
b= _<éH+%” i =) 4 —/3>2>
by=1/3 c=1/3 (6.19)
B=-m C=—r
b1=% % l~ 4 %la
=31 —imil—iM -4,
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Another potential X * may also be defined through the equations complex conjugate
to (6.18).

Both potentials satisfy pairs of third-order opE, as shown in § 2.2, and thus provide
a pair of fundamental representations of the group (H’).

6.4. The Bicklund transformation

The Bicklund transformation is identified with the reciprocal transformation of the
group (G) that exchanges ¢, ¢ coordinates; the analysis goes as in § 5.6.

Two generators, (G,) and (G;), leave all U, and V, invariant, whereas the remaining
(G,) has transformation formulae:

la-B)U, 1
Uj=—7"""—-
f f
) (6.20)
5V ='"1(a",3)vl_l
1 f f

dU,=i(a—-B)U,/2f
8Vy=—i(a —B) Vo/2f.

The requirement that [T -2 In f be invariant under linear coordinate transformations
entails

8Il=-2B,. (6.21)

By exponentiation of (G,), the finite transformation that exchanges the roles of ¢
and ¢ may be constructed. In terms of the complex number

ce’=w+ila—-p)/2f (6.22)
its action on the physical variables is

og=1/a 0'=(w—6)

f=0f w'=-w/c’ (6.23)

M'=MN+4lnco

U,=e"U,~¢e"/of
Vi=e 'V, —e/af

U= U, (6.24)
V’ = e_iBVZ
and consequently
NonNo_doa 1 Ut "UT
(=Bl = of af

ie
. 2 e 1
P/23216<U2V§<_e— 8U1 V;k+0'_f(U1+ V>1k)_o_2f2>'

It is interesting to remark that, in the particular case where P is identically real,
X can be chosen real too, and consequently the pseudopotential B, is either zero or
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a constant. With B, = —2w null, the angular potential 0 takes the simple value 8 = = /2
and the modulus o is o = (a« — 8)/2f (equation (6.22)); then the BT (6.23) reduces to
f'=(a—B)*/4f. Applying the transformation (6.1), f*ccv/f, we obtain in the (vacuum)
Ernst case:
froc(a=B)/f

which is the celebrated duality transformation (S) introduced in [22]. Thus the BT
described here constitutes, in this sense, an electrovac generalisation of the duality
transformation.

More accurately, the duality (S) itself may not be generalisable to the electromag-
netic case, as pointed out by Kramer and Neugebauer [24], but its image by the
transformation (6.1) does admit such a generalisation, which is our Backlund transfor-
mation.

6.5. An (X, X* )-symmetrical formulation

According to the analysis of the preceding section, X; = X is an arbitrary component
of a 3D vector X which satisfies a system of vector equations of the form (2.10), with
coefficients expressed by (6.19). This system however is not manifestly symmetrical
in X, X*;, we show here how this symmetry can be recovered.

From the properties (5.12) of the Ernst potentials, it follows that the two remaining
components X,, X; of X may be defined as in (5.60); we also introduce a dual vector
U whose components U’ are the contravariant components of X*, as defined in (5.70),
and obtain

U-X=S=[(a—p)8]"? (6.25)

(X, Xo, Xp) = =1/[4(a = B)""*]. (6.26)
The 8D vector A is still given by the formulae (5.61), except for an extra normalisation
factor S:

A=-X,X¥/S=-2U°X,/S (6.27)
etc. Using the identity (5.71), a pair of first-order vector equations for U and X can
be derived, in the manner of § 5.7:

457'UU, + b U)=P*X A X, — NX 7 X;

457'QUs +cdU)=MX A X, — PX 7 X,

U-X=S8
where b= 1%/3, ck=[*/3.

The above formulation (6.28) involves three scalar functions only: II, b, and c,.
From II, the coefficients N, M and H may be derived through their definitions (6.2);
from b, and ¢,, K may be derived as (see (6.15))

K= 2l(b0/3 - cOa). (629)

Hence P=(H +iK) and P*, and 8 and S (equation (6.11) and (6.25)). The Einstein-
Maxwell system is then entirely specified by imposing three additional constraints on
coefficients. The first two are that b,, ¢, coincide with the corresponding coefficients
of X,., Xsg in their expansion (2.3); the third may be chosen to be the relation
D=BC/3—asa,—H/6 (6.30)

between coefficients in (2.3).

(6.28)
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Using the general integrability conditions (2.4) and (2.5), we then recover the
expressions (6.19) for the scalar coefficients of the Einstein-Maxwell system.

The Béacklund transformation studied in § 6.4 involves the components A,, B, of
A and B, which in the present formulation become the tensors

Al=-S' XU/ (6.31)
and B!; they can be grouped together into a single complex tensor C/:
Cl=(a-pB)A|+iB] (6.32)

which is determined by quadrature of
Cla=-5"Ya _B)Uj(Xia —a,X;)
Cly=-S"a-B)X(Us-a}l’).

Thus the BT formulae (6.22) (where w=-B,/2, f=1/A,) and (6.23) reduce to the
inversion of the potential C/:

Cl=1/C/ (6.34)

(for some particular choice of the indices i, j).

(6.33)

6.6. The spectral parameter

It is of course essential to have a spectral parameter in the Bicklund transformation
and in the definition of the pseudopotentials. As is well known (see, e.g., [24]), this
parameter arises as a result of conformal invariance and of a particular symmetry of
the scalar equations.

As in the vacuum case, conformal invariance may be restored by replacing factors
(a—B) in Kinnersley’s formulation (5.2) by an arbitrary solution of the two-
dimensional Laplace equation:

T.5=0. (6.35)

The I" dependence in ali the equations given in § 6 can be established without calculation
by merely inserting factors I',, I'; wherever needed in order to preserve conformal
invariance. Thus the correct generalisation of definitions (6.2) of N, M, H,8is(y=InT)

N=—9.I, M =—y,Il, H=Il,, 5= (MN — PP¥). (6.36)

It is convenient to also introduce the following reduced quantities, which are conformal
invariants;

A A A A A A A A 5
N=I,/v. M=Il;/v, P=—~P/y.vs 6=(MN - PP*)= 5
(Ya¥s)
(6.37)

and the quantity
8'= Yaysd = 8/Ya¥s (6.38)

will be useful too. After some reduction, it turns out that the Einstein-Maxwell scalar
equations can be conveniently formulated in terms of two complex conjugate func-
tionals F, F* of the two basic unknowns II and K (and of I'):

F=P%,,(In P)+iKP*+ P(P+ H)~ (I,P, +11,P,)/2+6'/4(P-1)

R . . . . . (6.39)
F*= P*%3,,(In P*)—iKP**+ P*(P*+ H) - (II,P{+11,P%)/2+ 8'/4(P* - 1).
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Two other quantities, G and G are related algebraically (but not linearly) to the above
functionals:

_Q[P_G_a’a (Fﬁ)}

Y “\ &

G[ P*G )y
x| _Z_ 5 B
F P[ 5 “‘*(6')]

The two scalar equations governing the two unknowns (II, K) are then, in conformally
invariant form :

(6.40)

P* (G I,F* M, a P

el —_ | = =& +== P*¥—1 =

> aB(P*) > * ( | ? (6.41)
P* (G\  IF — 15 '
50\B) = TP 2R

In the vacuum case (considered in § 4), G and G vanish and the Ernst equations
reduce to the comparatively simple form:

F=0 F*=0 (vacuum). (6.42)

The essential symmetry property underlying the presence of a spectral parameter
is that the scalar system of equations (6.39)-(6.41) involves the harmonic function I
through the product 7= vy,7ys only and this product remains the same for all I of the
general form (see (4.33))

(a—B)
(a+k)(B+k)

so that a given solution II(a, 8), K(a, B) is compatible with any I'(«, 8) of the above
family (6.43). The constant k, which does enter the equations defining the vector
pseudopotentials, is the spectral parameter.

Let us mention finally that (multi)solitons may be constructed by repeated applica-
tion of the BT in the way illustrated in the appendix, starting from the ‘vacuum solution’:

Mo=3a-B) (6.44)

(or, more generally, I1,=17/2). This choice ensures that the solitons obtained will
converge towards sine-Gordon-Maxwell solitons in the limit defined by (5.1).

I' = constant x (6.43)

7. Conclusion

The non-linear evolution equations which are completely integrable by 1sT always have
a fundamental Lie group of symmetry (G) which, in combination with a discrete
Bicklund transformation, generates the infinite Lie group of symmetry and infinite
number of conservation laws [1-5]; (G) is in practice a rather simple group, such as
SL(2) or SL(3), or its complexified versions. We have tried to emphasise in the present
work the importance of the role played by the scalar equations, which control the
evolution of the scalar invariants of the Lie group (G). The following common features
(among which several are of course already well known) of many completely integrable
equations emerge from their consideration.
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(i) The scalar equations are (by definition) invariant under (G) but they are the
compatibility conditions for the existence of linear pseudopotentials T, which constitute
a tensorial representation of (G). In all cases considered here, vector pseudopotentials
have been found, with dimension <3,

(ii) The scalar equations are manifestly Lorentz invariant, or invariant under a
similar transformation group (Galilean, conformal transformations, etc) including a
continuous parameter, A, but the equations defining the pseudopotential T are not, so
that an explicit dependence on A, the spectral parameter, can be introduced in the
definition of T.

(ili) The scalar equations present a discrete reciprocal symmetry (the BT), which
consists of the inversion of a particular compuuent of T; this component may (as in
the Dodd-Bullough case) or may not (as in the sine-Gordon case) be completely
arbitrarily chosen, depending on the particular symmetry of the problem. The reciprocal
nature of the BT is merely formal, due to the fact that different components of T may
be selected after each application of the BT—in other words, owing to the linear
superposition principle which holds within the T representation. The BT produces the
infinite series of multisoliton solutions when applied to the vacuum.

An interesting feature is that, although the scalar equations may be said to be
manifestly invariant under (G), the group (G) remains in fact a hidden symmetry of
these equations as long as the equations giving the pseudopotentials remain unnoticed;
invariance arises from the fact that the latter are linear and uncoupled. The only
invariance that is manifest in the scalar equations is that associated with the spectral
parameter.

We have here restricted the use of the name of BT to those Bicklund transformations
which do alter the value of the scalar invariants, since they are our basic unknowns.
In that case a transformation such as Kramer and Neugebauer’s [24] transformation
I, should not be called here BT (but this is of course only a matter of our present
convention and vocabulary).

It does not appear customary to choose scalars as the unknowns, as we have done
here; one of the main advantages of the present formulation lies in its unifying power
(§2) and increased clarity?, with respect to other formulations where the basic
unknowns are not taken to be scalars. In the latter case, Backlund transformations
frequently have varied and complicated aspects, in contrast with our basic formula:

T=1/T (7.1)

which proved to apply to all cases studied here.

It is worth noting that, as first shown in [6], the above formula (7.1) does provide
a BT for the Dodd-Bullough equation, which had been thought not to possess a
Backlund transformation. It is straightforward to show that the Korteweg-de Vries
Bicklund transformation is of the type (7.1) too.

The sine-Gordon-Maxwell system analysed in § 5, and its multisoliton solutions,
are straightforward generalisations of the sine-Gordon equation and solitons; both are
two-dimensional hyperbolic non-linear wave equations. This should help the under-
standing of what precisely are the (multi)solitons of the axisymmetric Einstein-Maxwell
equations, of which sine-Gordon-Maxwell constitutes the limit far away from the
symmetry axis.

T The tensorial nature of the pseudopotential is obscured in the usual formulations where the basic unknowns
are not chosen to be scalars. As a result, the BT formulae tend to be much more complicated than our
simple result, (7.1).
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For the Einstein-Maxwell system, we have shown the separability of the standard
eight-dimensional representation of the group (H') into a pair of three-dimensional
fundamental representations (X and X*), which have been explicitly constructed in
§§ 6.3 and 6.5 (see also §§ 5.5 and 5.7), a result which could not be obtained in [8]
and is, as far as I know, a new result.

We also comment (§ 6.4) on the electrovac generalisation of the duality transforma-
tion (S), introduced by Kramer and Neugebauer [22].

Appendix. The sine-Gordon—-Maxwell interacting soliton pair

The purpose of this appendix is to show that the proposed BT (§ 5.6) does produce
multisolitons when applied to the vacuum solution: P=P*=1, L=0. We will only
consider the first two iterations, i.e. we construct the interacting soliton pair.

Al. The sine-Gordon-Maxwell soliton

In order to apply the BT we first have to determine the potentials associated with the
vacuum. As observed in § 5.6 (see the paragraph following (5.63)), the potential X
coincides with the sine-Gordon potential As; whenever P is real. Thus an arbitrary
component, X say, is determined by equations (3.10) and (3.22), where f=1/X. Note
that the only non-vanishing equation (3.10) is (3.10c) and that H =cos ¢ =1, This
system has two independent solutions only: exp[{+(Aa —B/A)]; we take advantage of
the Lorentz invariance to choose here, without loss of generality, A =1, and rewrite

X,=1/fsc= (0'+0'0)/\/—U—
X.=W/f)sc=1/Vo (A1)
X3E(f2+l//2)/fsc=1/\/; o =exp[2(a—B)].

Furthermore we set o,=1 in what follows, as this amounts to a mere shift in phase
or translation.

With the above potential X,, application of the BT, with an arbitrary spectral
parameter A, produces the new solution:

Sl 2 (o+1)>+iko
~(a'+1)2—-ika'
0= (e?=60+1)+iko
T (o+1)+ike
[(e?—60+1)+ika][(oc+1)*+iko]
[(c+1)*—iko]?

(A2)

P:

where k is an integration constant. When k is zero the sine-Gordon soliton is recovered;
the above soliton may thus be viewed as its complexified version.
The potential X associated with the soliton (A2) is, in the real (sine-Gordon) case,

Xi=exp[(Aa —B/1)](c+x{) xo=(A+1)/(A-1)
X;=exp[—(Aa=B/M)(c+1/x5)/(c+1) (A3)
X;=(X,X,- 1)|/2= (x0— l/xo)\/E/(0'+ 1).
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In the general case where k is non-zero, X is given by the general formulation (2.3)
with coeflicients given by (5.7); a pair of third-order linear opEe for X can be derived,
which are of Fuchsian type in the independent variable o; their general solution turns
out to be calculable in closed form and is even polynomial when the singularity
exponent has been factored out. The general solution can thus be found in a systematic
way [27], through a consideration of the Riemann diagram for the singularity exponents.
The three independent solutions of the @ opE (assuming B8 constant) are thus found as

_ Vo (g +x3) +xox(0+1)] _ ko
= iD= T i where  x=r Ty
(A4)

and X; is obtained from X, by changing A to —A (and hence x, to 1/x,). The three

solutions that satisfy both the « and B oDE are obtained by merely replacing o/ by

exp[(Aa — B/A)]; the solution X remains unchanged and is a function of (« — 8) only.
When x =0 (i.e. k=0) the sine-Gordon potentials (A3) are recovered.

A2. The two-soliton formula

Recalling that x as defined above is pure imaginary, a possible choice for the potentials
X, X*is

X =exp(Aa —B/M[(c+xD)+xx(c+1))/(o+1)(x*—1)!"?

AS
X*=exp(Aa —B/M)[(o+x3) = xox(a+ 1))/ (e + 1)(x*=1)"2 (A3)

In view of the complexity of the formulae, which already include a free parameter k
(hidden in the variable x), we restrict ourselves in what follows to the case A =3 (i.e.
xo,=2), which may be considered typical.

The BT formula (5.68), with L as in (A2), determines the pseudopotential B, by
quadrature; against the variable a, the integral becomes

[(e*+307~8)=2x*(o+1)(c?=2)]
(c+1)*(x*-1)?

B, =—-12iexp(—2B8/A) j xo? do. (A6)

The solution satisfying both equations (5.68) is found to be

x(o?—4)

B, =6iexp 2(Aa“ﬁ//\)m

+il (A7)

where [ is another integration constant. However, it can be absorbed in the new variable:

exp2(Aa—B/A)

(A=3) (A8)
il

T=

which plays the role of phase factor of the second soliton created by the BT. Thus the
constant | merely represents a phase shift of the soliton. Finally the factor ¢*° which
is given by (5.54) and determines the transformation formulae (5.56) is

2“‘,__(x—l)(*f'[(a+4)2+4x(a‘+1)2:|-i-(t7+1)2(x+1)>
© T\t \T(e+a)—ax(o+ )+ (e +1)(x-1)/°

(A9)
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The formulae (5.57) then give the interacting two-soliton solution:
(c+1)(x+1)+7[(c+4)+4x(c+ 1)2])
(c+1)*(1-x)—7[(c+4)*-4x(c+1)*]

, _[e?=6a+1)+x(ac+1)*]1+7[(0? =240 +16) +4x (o +1)°]
Q= (oc+ 1D x+1)+7[(c+4)*+4x(o+1)?]

eIL/2 = o216 oil/2 (

(A10)

We observe that, as 7 0, the original complex soliton (A2) is recovered and, as 7 <,
the same soliton obtains but for a phase shift of amplitude In4. When o~ (0, o)
however, a ‘unit modulus’ sine-Gordon soliton of the type P =e¢'" is found, so that
the solution (A10) does not represent the most general complex soliton pairt. This is
due to the lack of generality of our choice (A5) for the pseudopotentials X, X*, namely
because we have the same phase factor in both. If that restriction is relaxed, that is
to say, if we choose the most general linear combination of potentials (A4) compatible
with the bilinear constraint (5.52), then the most general soliton pair can be derived.
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